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Abstract
The notion of maximal extension of a globally hyperbolic space-time
arises from the notion of maximal solutions of the Cauchy problem asso-
ciated to the Einstein’s equations of general relativity. Choquet-Bruhat
and Geroch proved ([9]) that if the Cauchy problem has a local solution,
this solution has a unique maximal extension. Since the causal structure
of a space-time is invariant under conformal changes of metrics we may
generalize this notion of maximality to the conformal setting. In this arti-
cle we focus on conformally flat space-times of dimension greater or equal
than 3. In this case, by a Lorentzian version of Liouville’s theorem, these
space-times are locally modeled on the Einstein space-time. In the first
part we use this fact to prove the existence and uniqueness of the max-
imum extension for globally hyperbolic conformally flat space-times. In
the second part we find a causal characterization of globally hyperbolic
conformally flat maximal space-times whose developing map is a global
diffeomorphism.
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1 Introduction
Cauchy problem associated to the Einstein equation. The
concept of maximal extension of a globally hyperbolic space-time comes
1
from a PDE problem: the existence and uniqueness of maximal solutions
for the Cauchy problem associated to the Einstein equation. The Ein-
stein equation relates a physical object, the stress-energy tensor, with a
geometric one, the curvature tensor of the universe. We can write it as
following:
Ric(g)− 1/2scal(g)g + Λg = 8piT (1)
where g is a Lorentzian metric, Ric(g) is the Ricci tensor, scal(g) is the
scalar curvature, Λ the cosmological constant and T the stress-energy
tensor which is a symmetric tensor of type (2, 0).
In vacuum the tensor T is zero and the equation becomes: Ric(g) =
0. A solution for this equation is just a Lorentzian manifold with Ricci
curvature zero. In the general case, the meaning of what constitute a
solution is not clear, because the topology of the universe and the stress-
energy tensor are not defined a priori. A possible strategy to find solutions
of the equation (1) is to assume that the solution is globally hyperbolic.
By Geroch’s Theorem ( [12] and [24, p. 1155]) every globally hyperbolic
space-time is diffeomorphic to a product S×R, so that every slice S×{t}
is a spacelike submanifold. Then we can formulate a Cauchy problem
associated to the equation (1) as follows. The initial data is a Riemannian
manifold (S, h) of dimension n equipped with a symmetric (2, 0)-tensor
II , and a solution is a Lorentzian metric g over the product manifold
M := S × R such that g verifies the equation (1) for a tensor T given a
priori on M and II is the shape tensor of the sub-manifold S×{0} of M .
It turns out that a necessary condition to have a solution is that h and II
verify some equations, named the constraint equations of general relativity
([14], ch.7 ) when T = 0. Geroch and Choquet-Bruhat proved (in [8] )
that , when T = 0, the constraint equations are also a sufficient condition
to the existence and unicity of local solutions of the Cauchy problem.
One may ask how the solutions develop far away from the initial data.
Is it possible to have different developments out of a neighborhood of
the initial data? We say that a solution M extends another N , if N is
isometric to a neighborhood of the initial data in M . A maximal solution
is then a solution which has only trivial extensions. In [9] Choquet-Bruhat
et Geroch have proved:
Theorem 1.1. Any local solution (M, g) of the Cauchy’s problem has a
maximal extension, which is unique up to isometry.
Maximal extension into a given category. It is well known that
Theorem 1.1 naturally generalizes to larger families of space-times which
are not necessarily solutions of the Einstein equations. Let start by a
definition of maximality for globally hyperbolic space-times:
Definition 1.2. Let M and N be two globally hyperbolic space-times. An
isometric embedding f : M → N is a Cauchy-embedding if there exists a
Cauchy hypersurface S ⊂ M such that f(S) is a Cauchy hypersurface of
N . In this case we say that N extends M .
A globally hyperbolic space-time M is maximal if every Cauchy-embedding
of M into an other space-time is onto.
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This more general notion of maximality coincides with the classical one
in the case of space-times which are solutions of the same Cauchy problem.
Therefore now the problem of existence and uniqueness of the maximal
extension of a given globally hyperbolic space-time is well-defined even
for space-times which are not solutions of the Cauchy problem.
The arguments involved in the proof of the existence of the maximal ex-
tension in Theorem 1.1 easily generalize: every globally hyperbolic space-
time admits a maximal extension, but in general there is no reason for
this extension to be unique. However the maximal extension is unique if
we consider "rigid categories" of space-times:
Definition 1.3. A category of space-times is a family F of space-times
such that:
• F is stable by isometry: if (M, g) is in F and (N,h) is isometric to
(M, g) then (N,h) is in F .
• F is stable by restriction: if (M, g) is in F then for every open set
U of M , (U, g|U ) is in F .
• F is stable by gluing: if there is an open covering (Ui)i∈I of (M, g)
such that for every i of I the restriction (Ui, g|Ui) is in F then (M, g)
is in F .
Definition 1.4. A space-time M in a category F is F -maximal if every
Cauchy-embedding of M into another space-time of the same category F
is onto.
Again, the arguments for the existence in Theorem 1.1 apply: every space-
time in a category F always has a F -maximal extension. The uniqueness
comes from some additional hypothesis:
Definition 1.5. A category C of space-times is rigid if given two globally
hyperbolic space-times M and N in C , and an isometry f : I±(p) →
I±(q), where p ∈ M and q ∈ N , then f extends into an isometry fˆ :
U ∪ I±(p)→ V ∪ I±(q), where U and V are neighborhoods of p and q.
This is the key property used in the proof of the theorem of Choquet-
Bruhat and Geroch, who considered the category of space-times which are
solutions of the same Cauchy problem; one of the steps of the proof is to
show that this category is rigid.
Another important rigid category of space-times is the (G,X)-category,
where X is a fixed space-time and G its isometry group. The elements
of this category are space-times which are (G,X)-manifolds. It’s easy
to see that it is rigid: let M and N two such space-times and let f :
I−(p) → I−(q) an isometry such that f(p) = q and let φ : U → X and
ψ : V → X two charts on the neighborhood of p and q. By definition of
(G,X)-manifolds, the isometry
ψ ◦ f ◦ ψ−1 : ψ(V ∩ I−(q))→ ψ(U ∩ I−(p))
extends into a unique element g ∈ G. Then the map fˆ := ψ ◦ g ◦ φ is an
isometry between U and V .
Space-times of constant curvature are examples of (G,X)-manifolds: X is
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the Minkowski space-time R1,n, when the curvature is zero, the de Sitter
space-time dS1,n, when it is positive, and the anti-de Sitter space-time
AdS1,n, when it is negative. Then we have notions of R
1,n-maximal ex-
tension, dS1,n-maximal extension, and AdS1,n-maximal extension.
Since constant curvature space-times are solutions of the Einstein equa-
tion, by Theorem 1.1, these extensions are unique up to isometry. In fact,
Theorem 1.1 is true for every rigid category:
Theorem 1.6. Every globally hyperbolic space-time in a rigid category C
has a unique C -maximal extension.
This statement is quite well-known by the experts of the field; in the
present paper we will consider a slightly different problem, where we con-
sider extensions by conformal embeddings, not necessarily isometric (see
the next section). The tools and proof involved in this new context can
be easily adapted to the isometric case, providing a complete proof of
Theorem 1.6.
Maximal conformally flat extension. Since the causal structure
is a conformal invariant, the notion of maximality defined in the previous
section naturally generalizes to conformal classes of Lorentzian metrics.
This is obtained by taking conformal Cauchy-embeddings, instead of iso-
metric ones, in Definition 1.2. Then we say that a space-time M is C-
maximal if every conformal Cauchy-embedding ofM into another globally
hyperbolic space-time is onto.
Even if here we are in the conformal context we can still use the language
of category by just replacing the word "isometry" with "conformal diffeo-
morphism" in Definition 1.3. However, just as in the isometric case, the
proof of the existence and uniqueness of the maximal extension requires
some additional rigidity property. Moreover the family of conformally flat
space-times is a sub-category of the C-category: we call it the C0-category.
So we can have a well-defined notion of C0-maximality: a conformally flat
space-time M is C0-maximal, if every conformal Cauchy-embedding of M
into another globally hyperbolic conformally flat space-time in onto.
Now that we have defined the notion of C-maximality and C0-maximality,
we can again ask the questions: does every conformally flat globally hyper-
bolic space-time have a C-maximal and C0-maximal extension? Are these
extensions unique up to conformal diffeomorphisms? The answer is the
following generalization of Theorem 1.1 to the conformal and conformally
flat case.
Theorem 1.7. Every globally hyperbolic conformally flat space-time M
of dimension ≥ 3 has a unique C0-maximal extension. This extension is
unique up to conformal diffeomorphism.
In the section 3 of this article we give a proof of this result, using the
fact that conformally flat space-times are (G,X)-manifolds, where X is
the Einstein space-time and G its conformal group of diffeomorphisms.
This gives an additional rigidity property: if we define the conformally
rigid category by taking conformal diffeomorphisms, instead of isometries,
in Definition 1.5, the C0-category is conformally rigid.
A generalization of Theorem 1.7 to the C-category seems much more dif-
ficult to prove. We do not think that the techniques used here are enough
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to deal with the C-category. We do not know for the moment if a C-
maximal extension does exist for every space-time, and if it is necessarily
unique. The question is still open.
Summarizing, we have several notions of maximality for a globally hyper-
bolic space-time. These different notions are not completely independent
but there are some implications. Just as in Riemannian geometry, con-
stant curvature Lorentzian manifolds are conformally flat. Let M be a
constant curvature space-time. Then M is a (G,X)-manifold (where X
is equal to R1,n, AdS1,n or dS1,n), and we have:
M is C-maximal⇒M is C0-maximal⇒M is X-maximal (2)
The converse implications are not true in general: we could have a
C0-maximal space-time which is not C-maximal, or X-maximal space-
time which is not C0-maximal, etc.. In another paper we will develop new
tools which allow us to prove that in fact these two inverse implications are
true: every C0-maximal space-time and every AdS1,n-maximal or R
1,n-
maximal space-time is also C-maximal. Conversely every dS1,n-maximal
space time always has a non trivial C0-extension.
Completeness of C0-maximal space-times. In the second part
of the paper we study the developing map of a maximal conformally flat
space-time. We provide a sufficient and necessary condition on the causal
structure of the space-time for the developing map to be a global diffeo-
morphism; in other words, a causal characterization of conformally flat
space-times which are complete as (G,X)-manifolds. The uniqueness of
the C0-maximal extension in Theorem 1.7 implies:
Theorem 1.8. The universal cover of the Einstein space-time is the only
globally hyperbolic conformally flat space-time of dimension ≥ 3 which is
C0-maximal, simply connected, and admitting a compact Cauchy hyper-
surface.
This result implies that a C0-maximal globally hyperbolic conformally
flat space-time M is a finite quotient of the Einstein space-times if and
only if the lift, to its universal cover, of every Cauchy hypersurface, is
compact. Moreover, because we know very well the causal structure of
the Einstein space-time, and in particular we have a very clear description
of its lightlike geodesics, we have:
Theorem 1.9. LetM be a conformally flat globally hyperbolic C0-maximal
space-time of dimension ≥ 3 which has two freely homotopic lightlike
geodesics which are distinct but with the same ends. Then M is a finite
quotient of universal cover of the Einstein space-time.
In a following paper we will show some consequences of this result. It
gives some information about the domains of injectivity of the developing
map of a C0-maximal space-time. It turns out that the developing map
of a conformally flat globally hyperbolic space-time M has to be injective
on the causal past and future of each point. Moreover, the image of these
set is a regular Minkowski domain, future or past complete (following the
definition of [6] and [1] to classify the R1,n-maximal globally hyperbolic
space-time with compact Cauchy hypersurface).
5
Organization of the paper. In Section 2 we recall some classical
results in causality of space-time, in particular we recall the properties
of globally hyperbolic space-times. We also give a detailed description of
the Einstein space-time, which will be an essential tool in the proof of the
mains results. The rigidity properties of conformal maps and Liouville’s
Theorem will be also recalled in this section. In section 3, after some
properties of conformal Cauchy-embeddings, we give the proof of Theorem
1.7. In Section 4 we prove Theorem 1.8 and Theorem 1.9.
2 Preliminaries
In this section we recall some classical definitions and results about con-
formally flat globally hyperbolic space-times and we gives the proof of
some technical lemmas and propositions which play a rule in the proof of
the main results of this article. The theory of space-times has been largely
studied by Hawking, Penrose and many others. A quite complete expo-
sition of the main results can be found in [14], [4], [20], [21]. For a clear
exposition of the hierarchy of causal notions associated to space-times see
also [19].
2.1 Causal structure of space-times
Space-times. A Lorentzian (n + 1)-manifold is a smooth (n + 1)-
manifold M (which includes the topological assumption that M is metriz-
able and with countable basis), endowed with a symmetric non-degenerate
2-form g with signature (n, 1).
A non zero1 tangent vector v is spacelike (resp. timelike, lightlike, causal)
if g(v, v) is positive (resp. negative, null, non-positive).
In each tangent space TpM the cone of causal vectors has two connected
components C+p and C
−
p . The manifold M is time-orientable if it is pos-
sible to make a continuous choice, in each tangent space of M , of one of
them. This means that over M there are two continuous cone fields: one
of them is chosen to be the future one, denoted by C+, and the other to
be the past one, denoted by C−. Such a choice defines a time-orientation
on M . A non-spacelike vector w ∈ TpM is future-directed if it is in C
+
and past-directed if it is in C−. Remark that up to a double cover M is
always time-orientable.
Definition 2.1. A space-time is a connected orientable and time-orienta-
ble Lorentzian manifold provided with a time-orientation.
A differentiable causal curve (respectively timelike, spacelike, lightlike)
of a space-time M is a C1 map c :]a, b[→ M such that at every point its
tangent vector is causal (respectively timelike, spacelike, lightlike). In
particular, every causal curve c is an immersion and the vectors c′(t) have
the same time orientation for all t ∈]a, b[: the curve c is said to be future
or past oriented following the time-orientation of c′(t).
The causal future J+U (A) (respectively chronological future I
+
U (A)) of a
1Our convention is to consider the zero vector as a spacelike vector. In particular, a causal
or lightlike vector is non zero.
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subset A of M relative to an open set U is the set of future ends of all
future causal (respectively timelike) curves starting from a point of A and
contained in U . The chronological past and the causal past of A relative to
an open set U , noted I−U (A) and J
−
U (A), are the chronological and causal
futures of A for the opposite time-orientation on M . When U = M the
chronological and causal past an future of a set A are noted I±(A) and
J±(A). Since a timelike curve is in particular a causal curve we have
I±U (A) ⊂ J
±
U (A). These sets give what is called the causal structure of M .
It’s possible to give a more general notion of causal curve without chang-
ing the causal structure of M . A future causal curve is a C0 map c :
]a, b[⊂ R → M such that for all t0 ∈]a, b[ and for all neighborhood U
of c(t0), there exists ε > 0 such that for all t ∈ I :=]t0 − ε, t0 + ε[ we
have c(t) ∈ J−U (t0) if t ≤ t0 and c(t) ∈ J
+
U (t0) if t ≥ t0. We can define
the past causal curves like the future ones for the opposite chronological
orientation.
It is not hard to prove that the causal curves just defined are more reg-
ular than continuous: they are locally Lipschitz (see [2] for the proof in
Minkowski space-time). Moreover, by definition, it is clear that if there
is a causal curve from a point p to a point q, then there is a piecewise
differentiable causal curve from p to q.
The causal structure naturally defines two relations: given x, y ∈ M , we
write x < y iff x ∈ I−(y) and x ≤ y iff x ∈ J−(y). They are called
the causal relations of M . By the definition it is clear that the relations
< and ≤ are transitive and that the relation ≤ is reflexive. If ≤ is also
antisymmetric we say thatM is a causal space-time . This means that we
cannot have causal closed curves in the space-time and in this case ≤ is a
partial order on M . The causal relations are more than transitive. Given
x, y, z ∈ M then x ≤ y and y < z imply x < z (and x < y and y ≤ z
imply x < z). This is a consequence of the following proposition:
Proposition 2.2 ([20] p. 294). In a Lorentz manifold if α is a causal
curve from p to q that is not a null pregeodesic, then there is a timelike
curve from p to q arbitrarily close to α.
Globally hyperbolic space-times. In Riemannian geometry it is
often useful to consider an open neighborhood which is geodesically con-
vex: this is the image by the exponential map restricted to some open
neighborhood of zero. In a pseudo-Riemannian manifold we also have the
exponential map and we can make a similar construction. However from
the point of view of the causal structure there is another notion of con-
vexity: an open set U of a space-time is causally convex if every causal
curve between two of its points is contained in U .
A natural hypothesis, if we are looking for space-times which are inter-
esting from a physical point of view, is to require that the space-time
contains no closed causal loop (physically time-travel is not allowed). For
example, this is the case for causal space-times. However often this is
not enough to be physically useful; for instance a curve should not return
arbitrary near to its starting point. This is precisely what happens in
strongly causal space-times: a space-time is strongly causal if every point
has a causally convex neighborhood.
7
Definition 2.3. A space-time M is globally hyperbolic if it is strongly
causal and for every x, y ∈ M such that y ∈ J−(x), the intersection
J+(y) ∩ J−(x) is compact.
This is the classical definition of globally hyperbolicity, however Sanchez
has recently proved, in [5], that the hypothesis "M is strongly causal" can
be replaced by the hypothesis "M is causal".
One of the main properties of globally hyperbolic space-times is the fol-
lowing 2:
Lemma 2.4 ( [4] p. 78 (corollary 3.32) and [20] p. 405 (Proposition 8)).
Let M be a globally hyperbolic space-time. Let {pn}n∈N and {qn}n∈N be
two sequences of points in M such that pn → p and qn ≤ pn and let γn
be, for every n, a past causal curve from pn to qn. Then:
• if ∃q 6= p such that qn → q and q ≤ p, then the γn have a limit curve
going from p to q and which is past and causal,
• if the sequence {qn}n∈N is unbounded, then there exists a past in-
extensible causal curve starting from p which is a limit curve for
γn.
An achronal (acausal ) subset of a space-time is a subset which inter-
sects every timelike (causal) curve in at most one point.
Definition 2.5. Let A be an achronal subset of M . The future Cauchy
development (resp. past) of A, written D+(A) (resp. D−(A)), is the set
of points x of M in the chronological future (resp. past) of A such that
every past (future) inextensible causal curve starting from x intersects A.
The Cauchy development of A is the union
D(A) := A ∪D+(A) ∪ D−(A).
Proposition 2.6 ([20] p. 421). Let A be an achronal subset of M . If
int(D(A)) is not empty, then it is globally hyperbolic.
Definition 2.7. A locally achronal subset A of M is said to be edgeless
if for every x of A there exists a neighborhood U of x such that:
• U ∩A is achronal relative to U : every timelike curve contained in U
intersects U ∩A at most in one point,
• every causal curve contained in U , which starts from a point of I−U (x)
and ends in I+U (x), must intersect U ∩A.
A subset V of a space-timeM is a past set (reps. future set ) if I−(V ) ⊂ V
(resp. I+(V ) ⊂ V ).
Lemma 2.8 ([20] p. 414 Corollary 26 and 27). The (non empty) bound-
ary of a past (future) set P is a closed achronal and edgeless topological
hypersurface.
In general every locally achronal edgeless subset of a space-time M
is an embedded topological hypersurface (see Lemma 1.2.28 of [2] for
Minkowski space-time).
2In fact, as explained in [21], the definition of limit curve has been fitted in order to have
this convergence property for globally hyperbolic space-times.
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Lemma 2.9. Let A be an achronal edgeless subset of a strongly causal
space-time M . Then if D+(A) = ∅ (D−(A) = ∅), for every point p ∈ A
there exists a past (future) inextensible lightlike geodesic c : [0,∞[→ M
starting from p such that c∩A is a past (future) lightlike geodesic contained
in A without past (future) limit point in A.
Proof. This lemma results from the theory of the Cauchy horizon for the
Cauchy development of achronal subsets. A proof can be found in [14] p.
203 Proposition 6.5.3 and its corollary.
Definition 2.10. A Cauchy hypersurface of M is a closed achronal edge-
less set S ⊂M such that D(S) =M .
A Cauchy time-function is a continuous map t : M → R such that, for
every inextensible future causal curve c of M , t ◦ c is increasing and onto.
In particular every level set of t is a Cauchy hypersurface for M .
By Proposition 2.6, if M has a Cauchy hypersurface then it is globally
hyperbolic. The converse is a consequence of the following more general
result, called Geroch’s Theorem.
Theorem 2.11. A space-time M is globally hyperbolic if and only if it
admits a C∞ Cauchy time-function.
This result, originally proved in [12], has been rewritten several times,
in order to correct some mistakes in the proof of the regularity of the
Cauchy time function. Another reference for the proof of the existence of
continuous Cauchy time function is [24, p. 1155].
Corollary 2.12. Every globally hyperbolic space-time is homeomorphic
to a product S × R. Furthemore, for every t ∈ R, the projection on to the
factor R is a Cauchy time-function.
In general it is not true that a closed achronal edgeless subset A of a
globally hyperbolic space-time is a Cauchy hypersurface3. However this
is true under a compactness hypothesis:
Proposition 2.13. Let S be an achronal edgeless compact subset of a
globally hyperbolic space-time M . Then S is a Cauchy hypersurface of M .
Proof. By hypothesis S is closed achronal edgeless so we just have to
verify that S intersects every inextensible causal curve of M .
We start by proving that ∂I−(S) = ∂I+(S) = S. Assume by contradiction
that there exists p ∈ ∂I−(S) \ S. Let {pn}n∈N a sequence in I
−(S)
converging to p. For every n there exists a point zn in S such that pn ∈
I−(zn). Since S is compact, up to a subsequence, we can assume that the
sequence {zn}n∈N converges to a point z. Then Lemma 2.4 applies: there
exists a past causal curve γ from z to p. Since p ∈ ∂I−(S)\S; the curve γ
has to be a lightlike geodesic (according to Proposition 2.2). This implies
that every point p′ 6= p which is in γ is also in ∂I−(S) \ S.
Let c be a timelike curve from a point p′ in γ to a point z′ ∈ I+(z). Since
S is edgeless, if p′ and z′ are sufficiently near z, the curve c has to meet S
3 The set A = {x ∈ R1,n : ‖x‖1,n = −1} is a closed achronal edgeless subset of R1,n. But
it is not a Cauchy hypersurface, because no lightlike straight lines going through the origin
intersect A.
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in a point q. By Proposition 2.2 we have p ∈ I−(q), and then p ∈ I−(S),
which is a contradiction.
A similar argument can be used to prove ∂I+(S) = S, so we have the
disjoint union M = I+(S) ⊔ S ⊔ I−(S).
Let τ : M → R be a Cauchy time function. Since S is compact τ |S has
a maximum A. We define Σ := τ−1(b) where b > A: then Σ is a Cauchy
hypersurface contained in I+(S).
Let p be a point in I−(S) and let α be a future inextensible causal curve
starting from p. The curve α intersects Σ. Since Σ is strictly contained
in I+(S), α must intersect the boundary of I−(S) before intersecting Σ.
Since the boundary of I+(S) is S, α intersects S.
In the same way we can show that every past inextensible causal curve
starting from of I+(S) must intersect S. This shows that D(S) =M and
thus S is a Cauchy hypersurface.
2.2 Conformally flat space-times
Conformal maps and causality. There is a natural question to ask:
when do two different Lorentzian metrics define the same causal structure
on a manifold? A sufficient condition is that the two metrics be in the same
conformal class. Indeed, if in each tangent space we multiply the metric
by a positive constant, the causal type of the tangent vectors does not
change, and so the causal structure of the entire manifold is preserved4.
Then every result about the causal structure of a given space-time is true
for all the Lorentzian metrics in the same conformal class. However, in
general, it is clear that two different metrics in the same conformal class
have different geodesics. This is because the Levi-Civita connexion is not
preserved by conformal changes. The formula which gives the new Levi-
Civita connexion, after a conformal change of metric, can be found in [4],
chapter 9. By this formula it is not hard to prove:
Lemma 2.14 ([4], Proposition 9.17). Let (M, g) a space-time, and f :
(M, g)→ (M, g) a conformal map. Then the image by f of every lightlike
geodesic of M , up to parametrization, is a lightlike geodesic of N
A different and nice proof of Lemma 2.14, using the fact that lightlike
geodesics are the solutions in the zero level of a Hamiltonian system, can
be found in [10] (chapter 1, p. 14).
Einstein space-time. It is well known that the conformal sphere can
be identified to the boundary of the hyperbolic space of higher dimension.
This construction has a Lorentzian analog: the Einstein space-time can
be identified to the conformal boundary of the anti-de Sitter space-time.
Let R2,n+1 be the vector space Rn+3 with the canonical quadratic form
4For intellectual satisfaction we should also mention that this condition is also necessary
for strongly causal space-times. More precisely: in [15] S.W. Hawking, A.R. King and P.J.W.
McCarthy have shown that if g and g′ define the same causal structure over M and if this
structure is strongly causal, then g and g′ are conformally equivalent. The hard part of their
proof is to show that every homeomorphism which preserves the causal structure of a strongly
causal space-time is differentiable. Starting from that it is easy to show that the identity is a
conformal map
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of signature (2, n + 1) and let C be the cone of isotropic vectors. Let
S(R2,n+1) the quotient of R2,n+1 by positive rescaling, and let pi : R2,n+1 →
S(R2,n+1) be the associated projection. Since the space-time AdS1,n is de-
fined as the set of vectors of R2,n+1 which have norm −1, the map pi is
injective on this set. The space-time AdS1,n is then identified to its image,
and we call it the projective model of AdS1,n. The boundary of the image
of AdS1,n by pi is the image of C.
For every v ∈ R2,n+1 the kernel of dv(pi|C) is exactly the degenerate direc-
tion of the ambient quadratic form of R2,n+1 restricted to TpC. Given two
sections φ, φ′ : pi(C)→ C, there is always a positive function f defined on
pi(C) such that for every x ∈ pi(C), we have φ(x) = f(x)φ′(x). The two
metrics defined on pi(C) by the pull backs by φ and φ′ of the quadratic
form of R2,n+1, are then conformally equivalent, with conformal factor f2.
In other words, the quadratic form of R2,n+1 naturally defines a conformal
class of Lorentzian metrics [g] over pi(C).
Definition 2.15. The Einstein space-time of dimension n + 1, denoted
Ein1,n, is the topological space pi(C) endowed with the conformal class of
Lorentzian metrics [g].
It turns out that the conformal class [g] of Ein1,n is conformally flat:
that is, every point p of Ein1,n has a neighborhood U such that [g]|U
contains a flat metric. This fact is not evident a priori, it comes from
the fact that the model flat space-time, the Minkowski space-time R1,n,
admit conformal embeddings in Ein1,n. Since the action of the group
O(2, n+1) on Ein1,n is transitive, every point of the space-times Ein1,n,
has a neighborhood conformally equivalent to R1,n.
Moreover, the other two models of constant curvature space-times, dS1,n
and AdS1,n, also conformally embeds in Ein1,n, then we obtain that every
constant curvature space-times is conformally flat (see [3] Proposition 2.3
for the AdS case, see [22] and section 2.3 of [11] for the others). This
situation is similar to the Riemannian case: the euclidean and the hy-
perbolic space conformally embed into the Riemannian sphere, where the
orthogonal group acts transitively.
Is not hard to see that the space-time Ein1,n can be identified with the
product Sn×S1, equipped with the conformal class of the metric dσ2−dθ2,
where dσ2 and dθ2 are the canonical metrics over Sn and S1. This can be
seen by looking at the intersection between C and the sphere of radius 2
for the canonical euclidean metric of Rn+3. By this identification Ein1,n is
clearly an orientable and time orientable manifold and thus a space-time.
The orthogonal group O(2, n+1) acts transitively and faithfully on C and
this action preserves straight lines. Hence O(2, n+1) acts transitively and
faithfully over Ein1,n and preserves its conformal class of metrics.
Lemma 2.16. Every causal (timelike) curve c of Ein1,n can be param-
eterized as (x(t), ei2pit), where x(t) is a (strictly) 1-Lipschitz map from
an interval of R into Sn. The lightlike geodesics of Ein1,n are the causal
curves c such that, in the previous parametrization, x(t) is a geodesic of
Sn parameterized by its arc length.
Proof. Let s ∈ I ⊂ R 7−→ c(s) = (w(s), p(s)) ∈ Sn × S1 a future causal
11
curve in Ein1,n. First suppose that c is C
1 piecewise. Then c must verify:
‖w′(s)‖2 ≤ |p′(s)|2 (3)
This implies that the vector p′(s), tangent to S1, never vanishes. The
application s 7−→ p(s) can then be written as p(s) = eiφ(s), where s 7−→
φ(s) is a monotone map from I to an interval J of R. Since c is a future
causal curve the map φ(s) is a strictly increasing map. Then, changing
the parameter s into a parameter t := φ(s), we have c(t) = (x(t), eit),
for all t in J , where x := w ◦ φ−1, and ‖x′(t)‖2 ≤ 1. If we integrate the
formula between two points t and t′ of J , we have:
d0(x(t), x(t
′)) ≤ |t− t′| (4)
where d0 is the distance over S
n for the canonical metric. The map t ∈
I 7−→ x(t) is 1-Lipschitz; moreover c is timelike if and only if the inequality
(3) is strict, and (3) is strict if and only if the inequality in (4) is strict.
Therefore, C1 timelike curves are strictly 1-Lipschitz. The curve c is a
lightlike geodesic if and only if the inequality (3) is an equality, and this
is true if and only if (3) is an equality, that is, if x is a geodesic of Sn.
Hence, the lemma is proved for C1 curves.
Now assume that s ∈ I 7−→ c(s) = (w(s), p(s)) is a topological causal
curve (not necessary C1). By definition, given s < s′ close one to the
other, there exists a non trivial C1 causal curve between c(s) and c(s′).
Since the result is proved in the case of C1 curves, we have:
0 < d0(w(s), w(s
′)) ≤ |p(s)− p(s′)|
Therefore we can write p(s) = eiψ(s), where ψ(s) is strictly increasing
map from R to an interval K of R, and then c(t) = (x(t), eit), where
x := w ◦ ψ−1 satisfies the inequality (4), that is, x is 1-Lipschitz. As
before, we can see that c is timelike if and only if x is strictly 1-Lipschitz,
and that c is a lightlike geodesic if and only if x is a geodesic of Sn. The
lemma is proved.
Corollary 2.17. Ein1,n is totally vicious, i.e. the past and the future of
every point is the entire space-time.
Since Ein1,n is totally vicious, its causal structure gives no informa-
tion: every point is causally related to any other point. However its
universal covering is globally hyperbolic and has a well understood causal
structure.
The universal covering of the Einstein space-time, E˜in1,n, is identified
to (Sn × R, [dσ2 − dt2]), where dt2 is the canonical metric over R. Let
pr : E˜in1,n → Ein1,n be the covering map. The fundamental group of
Ein1,n is isomorphic to Z: it can be identified with the cyclic group gener-
ated by the map δ : E˜in1,n → E˜in1,n which associates to (x, t) the point
(x, t+ 2pi). This is clearly a conformal diffeomorphism of E˜in1,n.
The antipodal map of R2,n+1, x ∈ R2,n+1 7−→ −x, defines a map σ :
Ein1,n → Ein1,n, which is the product of the two antipodal maps of S
n
and S1. The map σ lifts to E˜in1,n giving the map σ : E˜in1,n → E˜in1,n
which associates to (x, t) ∈ Sn × R the point (−x, t+ pi). Then σ2 = δ.
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Figure 1: Two inextensibles lightlike geodesics in E˜in1,n ≃ R× S
n
Definition 2.18. Two points x and y of E˜in1,n are conjugate if one is
the image by σ of the other.
Since the projection pr : E˜in1,n → Ein1,n is a conformal map, given
a causal curve c : in E˜in1,n, the curve pr ◦ c is a causal curve of Ein1,n.
Then by Lemma 2.16 we have:
Lemma 2.19. Every causal curve c of E˜in1,n can be parameterized as
c(t) = (x(t), t), where x(t) is a 1-Lipschitz map from an interval of R into
Sn. The lightlike geodesics of E˜in1,n are the causal curves c such that, for
the previous parametrization, x(t) is a geodesic of Sn parameterized by its
arc length (see Figure 1).
A causal curve of E˜in1,n is inextensible if the parametrization given by
the previous lemma is defined for every t in R. It is then easy to see that
E˜in1,n is a globally hyperbolic space-time, with Cauchy hypersurfaces
homeomorphic to Sn: the map (x, t) ∈ Sn ×R ≃ E˜in1,n → R is a Cauchy
time function.
Thanks to Lemma 2.19 we can understand the causal structure of
E˜in1,n:
Lemma 2.20. Let p = (x, t) ∈ E˜in1,n. Then
I±(p) = {(x′, t′) ∈ E˜in1,n/d0(x, x
′) < ±(t′ − t)}
J±(p) = {(x′, t′) ∈ E˜in1,n/d0(x, x
′) ≤ ±(t′ − t)}
where d0 is the canonical distance on S
n.
Remark 2.21. The inextensible lightlike geodesics starting from a point
p of E˜in1,n have common intersections at all the points σ
k(p), for k ∈ Z.
Outside these points, they are pairwise disjoint.
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Rigidity of conformal maps. Liouville’s Theorem is originally a
theorem of conformal Riemannian geometry stating that, in dimension
n ≥ 3, every conformal map between two open sets of the sphere is the
restriction of an unique element of O+(1, n). This implies that the group
of conformal transformations of the sphere Sn (also called the group of
Möbius transformations) is exactly O+(1, n).
This theorem has been generalized by C. Frances (see [10] and [7]) to
pseudo-Riemannian conformally flat metrics. This has been possible be-
cause the Liouville’s Theorem is an aspect of a more general phenomena:
the rigidity of conformal maps, between pseudo-Riemannian manifolds of
dimension greater or equal than 3.
Let M and N be two manifolds. Denote by Diffloc(M,N) the set of lo-
cal diffeomorphism between M and N . On Diff loc(M,N) we have the
following equivalence relation: two local diffeomorphisms f, g : M → N
are said to be equivalent if in some local chart they have the same Taylor
polynomial up to order r at x. The r-jet of f ∈ Diffloc(M,N) at a point
x ∈M , denoted by jrxf , is the equivalence class of f for this relation. We
have the following rigidity result:
Theorem 2.22. Let M and N be two pseudo-Riemannian manifolds of
dimension ≥ 3. Let f and g be two conformal maps from M to N . If f
and g have the same 2-jet at one point of M , then they are equal.
A proof of this result can be found in [10] (chapter 2). For more details
about rigidity of conformal application see also [16] and [23].
Liouville’s Theorem is then a consequence of Theorem 2.22.
Theorem 2.23. (Liouville) For every n ≥ 2, every conformal map be-
tween two open sets of Ein1,n is the restriction of a unique element of
SO(2, n+ 1).
In particular this implies that the conformal group of Ein1,n is exactly
O(2, n+ 1) and the group of conformal maps which preserve the orienta-
tion and the time-orientation is the connected component of the identity,
that we denote by O0(2, n+ 1).
Every conformal diffeomorphism of Ein1,n lifts to a conformal diffeomor-
phism of E˜in1,n. By Liouville’s Theorem, when n ≥ 2, the reverse state-
ment is also true: every conformal diffeomorphism of E˜in1,n defines a
unique conformal diffeomorphism of Ein1,n. So we have a surjective mor-
phism j : Conf(E˜in1,n) → Conf(Ein1,n). The kernel of j is the sub-
group generated by δ; it is contained in the center of Conf(E˜in1,n). Then
Conf(E˜in1,n) = ˜O(2, n+ 1) = O(2, n+ 1)⋊ Z.
Corollary 2.24. Every conformally flat space-time of dimension greater
then 3 is locally modeled on (Ein1,n+1, O0(2, n+ 1)).
The proof of this result is quite standard, it can be found for example in
[17] in the case of Riemannian conformal geometry. In fact in Rieman-
nian geometry we have the same situation: Liouville’s Theorem implies
that every conformally flat Remannnian manifold is locally modeled on
the conformal sphere endowed with the action of its group of conformal
transformations (see [17]). More details on the general theory of (X,G)-
manifolds can be found in [13].
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3 C0-maximum extension
3.1 Cauchy-embeddings.
In this section M and N will always assumed to be globally hyperbolic
space-times with Cauchy hypersurfaces S and S′ respectively. We say
that a conformal map f : M → N is a (conformal) Cauchy-embedding if
S′ = f(S); f is also denoted by f : (M,S)→ (N,S′). If moreover f is an
isometry, we say that f is an isometric Cauchy-embedding.
To prove the existence and uniqueness of the conformally flat maximal ex-
tension we need some technical results about conformal Cauchy-embeddings.
Since these results only involve causal properties, it makes no difference
whether we consider conformal or isometric Cauchy-embeddings.
Lemma 3.1. The image of any conformal Cauchy-embedding f : (M,S)→
(N,S′) is a causally convex open subset of N .
Proof. Let x and y be two points of M such that there exists a future
causal curve α : [0, 1] → N with c(0) = f(x) and c(1) = f(y). Let
c : R→ N be an inextensible future causal curve which extends α. Since
N is globally hyperbolic, c : R → N is an embedding. Then, since f(M)
is an open subset of N , the intersection c−1(f(M) ∩ c(R)) is the union
of disjoint segments (the connected components). Let I be one of them.
The curve C := (f |f(M))
−1 ◦ c : I → M is a causal inextensible curve
in M ; therefore, C(t) intersects the Cauchy hypersurface S of M at a
point z ∈ M . It implies f(z) ∈ f(S) ∩ c(I) 6= ∅. Since f(S) is a Cauchy
hypersurface it meets every causal curve at most at one point. Then
c−1(f(M) ∩ c(R)) has only one connected component which is the entire
interval [0, 1]. It follows that f(M) is causally convex.
Corollary 3.2. The image of every achronal set A ofM by any conformal
Cauchy-embedding f : (M,S)→ (N,S′) is an achronal subset of N .
Proof. Assume by contradiction that there is a timelike curve γ between
two points of f(A). Since f(M) is causally convex in N , the curve γ is
completely contained in f(M). Then the curve (f |f(M))
−1 ◦γ is a timelike
curve between two points of A: this contradicts the hypothesis.
Corollary 3.3. A conformal Cauchy-embedding f : (M,S) → (N,S′)
sends every Cauchy hypersurface of M to a Cauchy hypersurface of N .
Proof. Let Σ ⊂ M a Cauchy hypersurface. According to Corollary 3.2,
f(Σ) is an achronal hypersurface. Since f(M) is an open neighborhood
of f(Σ) and Σ is edgeless, f(Σ) is edgeless too. We have to show that
f(Σ) intersects every inextensible causal curve. Let c : R → N be an
inextensible causal curve of N . We know that c intersects S′, and this
implies f(M) ∩ c(R) 6= ∅. By the previous proof (f |f(M))
−1 ◦ c : R → M
is a inextensible causal curve of M . Since Σ is a Cauchy hypersurface
it intersects this curve. Hence c intersects f(Σ): it shows that f(Σ) is a
Cauchy hypersurface of M ′.
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Lemma 3.4. Let U be an open neighborhood of the Cauchy hypersurface S
in M . Let f, g :M → N be two Cauchy-embeddings such that f |U = g|U .
Then f = g.
Proof. The set U := {x ∈M : j2xf = j
2
xg} is a closed subset of M , which
is non-empty since f and g coincide in U . By Theorem 2.22, U is also
open. Since M is connected, we have U =M .
Lemma 3.5. Let f : M → N be a Cauchy-embedding. The boundary
∂f(M) is the union of two disjoint closed achronal edgeless subsets (each
possibly empty) ∂+f(M) and ∂−f(M) of N such that
I−(∂+f(M)) ∩ I+(∂−f(M)) ⊂ f(M).
Proof. Let S be a Cauchy spacelike hypersurface of M . We identify M
with its image in N by f ; in particular, we consider S as a Cauchy hyper-
surface of N . Let N± := I±(S)∩N (where I±(S) denote the future/past
of S in N) and letM± := N±∩M . The boundary ∂M is then the disjoint
union of ∂+M := ∂M ∩N+ and ∂−M := ∂M ∩N−.
1) For every point p ∈ ∂+M we have I−(p) ∩N+ ⊂M+.
Let q ∈ I−(p) ∩ N+. There exists a past causal curve c between q and
a point z ∈ S. For every w sufficiently close to p we have q ∈ I−(w).
Since p lies in the boundary of M+, we can select such a w in M+. Then,
there exists a past causal curve going from w to z through q. Since M is
causally convex in N (Lemma 3.1) we obtain q ∈M+.
Reversing the time orientation we have also proved:
1′) For every point p ∈ ∂−M : I+(p) ∩N− ⊂M−. In particular,
I−(∂+f(M)) ∩ I+(∂−f(M)) ⊂ f(M).
2) I+(∂+M) ∩M is empty.
Assume by contradiction that there is an element x of I+(∂+M) ∩ M .
There exists a past causal curve c between x and a point y in ∂+M .
Extend c to an inextensible (in N) past causal curve c′. Then c′ intersects
S at a point z. Since M is causally convex in N , consequently y ∈ M ,
contradicting the hypothesis.
3) ∂+M is achronal.
Let c be a timelike future curve linking two points x < y of ∂+M . Then
I+(x) is an open neighborhood of y, and by 2) it is disjoint from M : but
this contradicts the fact that y lies in the closure of M .
4) ∂+M is edgeless.
Every causal curve between a point in N+ \ M+ and a point in M+
intersects ∂+M . By 2) we have that ∂+M is edgeless.
Reversing the time orientation we have the same results for ∂−M .
3.2 Existence and uniqueness of the C0-maximum
extension
Let M be a globally hyperbolic space-time of dimension n + 1 ≥ 3, and
let φ : Σ→M be a conformal embedding of a Riemannian manifold Σ in
M such that φ(Σ) is a Cauchy hypersurface of M . Let F be the set of
triples (N,ψ, f), where:
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• N is a globally hyperbolic space-time,
• ψ : Σ → N is a conformal embedding such that ψ(Σ) is a Cauchy
hypersurface of N ,
• f :M → N is a conformal Cauchy-embedding such that f ◦ φ = ψ.
We can define the following relation over F :
(N,ψ, f)  (N ′, ψ′, f ′) ⇐⇒ ∃ h : N → N ′ conformal embedding
such that h ◦ ψ = ψ′.
The fact that h ◦ ψ = ψ′ implies h ◦ f = f ′. Moreover, by Lemma 3.4,
if (N,ψ, f)  (N ′, ψ′, f ′), then the Cauchy-embedding h : N → N ′ such
that h ◦ ψ = ψ′ is unique.
The relation  is clearly reflexive and transitive, but not antisymmetric.
Nevertheless, if (N,ψ, f)  (N ′, ψ′, f ′) and (N ′, ψ′, f ′)  (N,ψ, f) then
there are two Cauchy-embeddings h : N → N ′ and h′ : N ′ → N such
that h ◦ ψ = ψ′ and h′ ◦ ψ′ = ψ. The restriction of h ◦ h′ to the Cauchy
hypersurface ψ(Σ) is the identity, hence, by Lemma 3.4, h ◦ h′ is the
identity map on N . Similarly, h′ ◦ h is the identity map of N ′. We have
proved that N and N ′ are conformally diffeomorphic.
In order to obtain a partial ordered set we consider over F the relation:
(N,ψ, f) ≃ (N ′, ψ′, f ′) ⇐⇒ (N,ψ, f)  (N ′, ψ′, f ′) and
(N ′, ψ′, f ′)  (N,ψ, f)
This is an equivalence relation on F . For every element (N,ψ, f) of F ,
we denote by [N,ψ, f ] the equivalence class of (N,ψ, f). Let F be the
quotient set F/ ≃. The relation  induces a partial order on F . Observe
that [M,φ, Id] is a minimum, i.e. it minorates every element of F .
We are going to show that every totally ordered subset in (F ,) has an
upper bound in F . Then, by Zorn’s Lemma, F contains at least one
maximal element for the order relation . Any representative in F of this
element will be a maximal conformally flat extension of M .
Let {[Mi, ψi, fi]}i∈I be a totally ordered subset of F . We can assume,
without loss of generality, that I contains a minimal element, denoted by
0, such that M0 = M , f0 = Id and ψ0 = φ. If i < j, let hi,j : Mi → Mj
be the unique Cauchy-embedding such that hi,j ◦ ψi = ψj . By Lemma
3.4, hi,k ◦ hk,j = hi,j and hi,i = id for all i ≤ j ≤ k; moreover h0,i = fi,
for all i ∈ I .
Let
M :=
⊔
i∈I
Mi.
We consider the following relation on M: given x ∈Mi and y ∈Mj then
x ∼ y ⇔
{
i ≤ j hi,j(x) = y
or
j < i hj,i(y) = x
The foregoing shows that ∼ is an equivalence relation. Let
M :=M/ ∼
17
equipped with the quotient topology. We want to show that M is an ele-
ment of F .
Let pi : Mi → M the composition of the inclusion Mi ⊂ M with projec-
tion to the quotient pi :M→M . If i < j we have pi(Mi) ⊂ pj(Mj).
Lemma 3.6. Every pi is a homeomorphism onto its image.
Proof. By definition of quotient topology, pi is continuous. Let U ⊂ Mi
be an open set, then pi(U) is open in M if and only if pi
−1(pi(U)) is open
in M. We have:
pi−1(pi(Mi)) =
( ⊔
j∈I: i<j
hi,j(Mi)
)
⊔
( ⊔
j∈I:j≤i
Mj
)
Moreover every hi,j(Mi) is open in Mj because hi,j is an embedding. It
is then clear that pi−1(pi(U)) is open in M.
The delicate point in the proof that M lies in F is to show is that M
is a manifold, in particular that it is a second-countable topological space.
This is not trivial because I is not countable in general.
Proposition 3.7. M is a conformally flat space-time.
Proof. According to Lemma 3.6, every point p of M is contained in a
neighborhood homeomorphic to Mi for some i, hence p has a neighbor-
hood homeomorphic to Rn. Moreover, every pair of points q1, q2 of M is
contained in the same pi(Mi) for some i ∈ I . By Lemma 3.6, q1, q2 have
two disjoint neighborhoods, so the space M is a Hausdorff topological
space. To conclude the proof we have to show thatM is second-countable
and that it is endowed with a conformally flat Lorentzian metric.
We first consider the case where M is simply connected. According to
Theorem 2.11, the topology of any globally hyperbolic space-time is de-
termined by the topology of its Cauchy hypersurfaces. Hence, in our case,
every space-time in F is simply connected. Therefore for every Mi in F
there is a developing map di :Mi → Ein1,n.
Let i < j be two elements of I . The map dj◦hi,j :Mi → E˜in1,n is another
developing map for Mi. Therefore there is a unique gi,j in O(2, n) such
that dj ◦ hi,j = gi,j ◦ di. We can then define a map d :M → Ein1,n by:
d(x) =
{
d0 ◦ p
−1
0 (x) if x ∈ p0(M)
(g0,i)
−1 ◦ di ◦ p
−1
i (x) if x ∈ pi(Mi)
First we have to show that d is a well-defined map. Let x be a point
in M ; x is contained in pi(Mi) for some i. Let j such that i < j; then
pi(Mi) ⊂ pj(Mj). Since h0,j = hi,j ◦h0,i we obtain g0,j = gi,j ◦ g0,i. Then
(g0,j)
−1 ◦ dj ◦ p
−1
j (x) =(gi,j ◦ g0,i)
−1 ◦ dj ◦ p
−1
j (x)
=(g0,i)
−1 ◦ (gi,j)
−1 ◦ dj ◦ p
−1
j (x)
=(g0,i)
−1 ◦ (gi,j)
−1 ◦ dj ◦ hi,j ◦ (pi)
−1(x)
=(g0,i)
−1 ◦ di ◦ p
−1
i (x)
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the last equality being true because pj = (hi,j)
−1 ◦ pi and (gi,j)
−1 ◦ dj ◦
hi,j = di.
The map d is well-defined and, by construction, a local homeomorphism.
The pull-back by d of any Riemannian metric over Ein1,n defines a Rie-
mannian metric over M : then the open balls for this metric on M give a
countable basis for the topology, so M is a second-countable topological
space. Moreover the map d defines a conformally flat Lorentzian structure
on M . Since the map hi,j preserves the orientation and the chronological
orientation, the map gj,i is an element of O0(2, n), for all i ≤ j. It implies
that M is chronologically oriented. We have proved that, when M is sim-
ply connected, M is a conformally flat space-time.
We can now show the theorem in the general case, when M is not neces-
sarily simply connected. First we prove that the universal covering M˜ of
M has a naturally defined space-time structure: the lifting by the covering
map pi : M˜ →M of the causal structure of M .
Lemma 3.8. Let M be a globally hyperbolic space-time and let S be a
Cauchy hypersurface of M . Let M˜ be the universal covering of M . Then
every lift S˜ of S is a Cauchy hypersurface of M˜ .
Proof. The covering map pi : M˜ → M is a local diffeomorphism which
preserves the causal structures of M˜ and M . In particular, causal curves
in M˜ are precisely lifts of causal curves inM . It follows that S˜ is a locally
achronal embedded hypersurface of M˜ . If c is a timelike curve intersecting
S˜ twice, then the projection pi ◦ c intersects S twice: it is impossible since
S is achronal; therefore, S˜ is also achronal in M˜ . Moreover S˜ is edgeless
because this is a local property.
Let α : R → M˜ an inextensible causal curve of M˜ . The map pi ◦ α is an
immersion such that the image of every vector which is tangent to α is a
causal vector of M . By Definition 2.3, M is strongly causal, then pi ◦ α
must be injective and not self-accumulating. This means that pi ◦ α is an
embedding. The map pi ◦ α is then an inextensible causal curve of M .
Since S is a Cauchy hypersurface of M , the curve pi ◦α intersects S. This
implies that α intersects S˜, hence S˜ is edgeless and a Cauchy hypersurface
of M˜ .
Let h˜i,j : M˜i → M˜j be the conformal embedding which lifts the map
hi,j , where M˜i, M˜j are the universal coverings of Mi,Mj ∈ F with i < j.
According to Lemma 3.8 the lift of every Cauchy hypersurface Si of Mi is
a Cauchy hypersurface S˜i of M˜i. Therefore, the maps hi,j are conformal
Cauchy-embeddings. The following diagram commutes:
Σ˜
ψ˜0−−→ M˜0
h˜0,i
−−→ M˜i
h˜i,j
−−→ M˜j −→ · · ·
q0 ↓ qi ↓ qj ↓
Σ
ψ0−−→M0
h0,i
−−→Mi
hi,j
−−→Mj −→ · · ·
where qk are the covering maps. By the same process used in the definition
of M we can define a space-time M˜ which now is second-contable and
equipped with a naturally defined conformally flat space-time structure.
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Let d be the developing map of M˜ and let p˜i : M˜i → M˜ be the continuous
and open maps given by Lemma 3.6. We define the map p : M˜ →M as
p(x) = pi ◦ qi ◦ p˜
−1
i (x)
where x ∈ p˜i(M˜i). This definition is independent to the choice of the map
p˜i. Indeed, if i < j, for every x in p˜i(M˜i) we have p˜i = p˜j ◦ h˜i,j and
pi ◦ qi = pj ◦ qj ◦ h˜i,j , which implies:
pi ◦ qi ◦ p˜
−1
i (x) = pj ◦ qj ◦ p˜
−1
j (x).
The map p is a local diffeomorphism since it is the composition of local
diffeomorphisms. We want to show that p is a covering map. Let Γ :=
pi1(Σ). The group Γ acts over M˜i in such a way that for every γ in Γ,
qi ◦ γ = qi and for every i, j in I h˜i,j ◦ γ = γ ◦ h˜i,j . Then we can define an
action of Γ over M˜ by:
γ(x) := p˜i ◦ γ ◦ p˜
−1
i (x)
where ∀x ∈ p˜i(M˜i). This action is well-defined: if i < j, then
p˜i ◦ γ ◦ p˜
−1
i (x) = p˜j ◦ h˜i,j ◦ γ ◦ h˜
−1
i,j ◦ p˜
−1
j (x) = p˜j ◦ γ ◦ p˜
−1
j (x).
By construction, p ◦ γ = p. Moreover, for every x, y in M˜ we have
p(x) = p(y) if and only if there is an element γ of Γ such that x = γ(y).
This action is proper and discontinuous since Γ acts properly and discon-
tinuously over every p˜i(M˜i). Then M is the quotient of M˜ by Γ and p is
the projection to the quotient.
Since M is the quotient of a second-countable manifold by a proper and
discontinuous action, it is also a second-countable manifold. Moreover,
since the maps di are equivariant for the action of Γ over M˜i, the local
diffeomorphism d is also equivariant for the action of Γ. Then there is a
well-defined conformally flat space-time structure over M .
Now that we have shown that M is a space-time, we can study his causal
structure. We want to prove that it is globally hyperbolic with Cauchy
hypersurface p0(S0).
Lemma 3.9. Every pi(Mi) is causally convex inside M .
Proof. Let c : [0, 1]→M be a causal curve between two points of pi(Mi).
The set c([0, 1]) is a compact subset of M . Since M is the growing union
of the sets pk(Mk) and since I is a totally ordered set, there exists j ∈ I
such that c([0, 1]) ⊂ pj(Mj). We suppose i ≤ j (up to replacing j by i if
j < i). The open set pi(Mi) is causally convex in pj(Mj) since hi,j(Mi)
is causally convex in Mj and because of Lemma 3.1. (Recall that pj is a
conformal embedding.) Thus the image of c is contained in pi(Mi).
The image pi(Si) does not depend on i, it is a spacelike hypersurface
inside M that we denote by S.
Lemma 3.10. S is a Cauchy hypersurface of M . In particular, M is
globally hyperbolic.
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Proof. Let c be a timelike curve between two points of S. Since c is
compact, there exists i ∈ I such that c is contained in pi(Mi). This
contradicts the fact that S = pi(Si) is achronal in every pi(Mi). Thus S
is achronal.
The hypersurface S is edgeless because this is a local property and S is
edgeless in every pi(Mi). Every point p of M is contained in pi(Mi) for
some i ∈ I , which is globally hyperbolic with Cauchy hypersurface S˜.
Hence p is contained in the Cauchy development of S in M . This proves
that S is a Cauchy hypersurface of M .
We have proved that M is an element of F . Moreover, for every i ∈ I ,
the map pi is a Cauchy-embedding of Mi into M . Let f¯ be the Cauchy-
embedding given by p0 and ψ¯ the composition of φ and the restriction
of f¯ to S, then he element [M, ψ¯, f¯ ] of F and is an upper bound for the
totally ordered set {[Mi, ψi, fi]}i∈I . By Zorn’s Lemma, F has at least one
maximal element. It follows that any representative in F of this maximal
element is a maximal conformally flat extension of M .
Now we have to prove the uniqueness of the maximal extension. That
is: up to conformal diffeomorphism there is a unique maximal element in
F .
Let F1 : M0 → M
max
1 and F2 : M0 → M
max
1 be two Cauchy-embeddings
ofM0 in two maximal extensions: we want to prove thatM
max
1 andM
max
2
are conformally equivalent.
Let H be the set of quadruples (M,f, g1, g2) such that f : M0 → M ,
g1 : M → M
max
1 and g2 : M → M
max
2 are Cauchy-embeddings, where
Fi = gi ◦ f for i = 1, 2. Over H we define the relation
(M,f, g1, g2)  (M
′, f ′, g′1, g
′
2) ⇐⇒ ∃Φ :M →M
′ Cauchy-embedding
such that f ′ = Φ ◦ f and gi = g
′
i ◦Φ
where i = 1, 2. This relation leads to a partial order over the quotient H
by the equivalence relation, which identifies two quadruples (M,f, g1, g2)
and (M ′, f ′, g′1, g
′
2) if the Cauchy-embedding Φ is surjective. The elements
of H are denoted by [M, f, g1, g2].
Just like in the proof of the maximal extension’s existence, we prove that
(H,) is inductive: given a totally ordered set {[Mk, fk, gk1 , g
k
2 ]}k∈I of
H, we consider the quotient M of the disjoint union of every Mk the
equivalence relation which identifies every Φk,l(x) with x if k < l, where
Φk,l(x) is the unique Cauchy-embedding such that f
l = Φk,l◦f
k and gki =
gii ◦Φk,l .
The maps gk1 , g
k
2 and fk are compatible with this relation and then they
induce, at the quotient level, the Cauchy-embeddings gi : M → M
max
i ,
where i = 1, 2, and f : M0 → M . As in the existence proof, one shows
that this quotient is a conformally globally hyperbolic space-time, which
gives an upper bound for the set {[Mk, fk, gk1 , g
k
2 ]}k∈I (see Figure 2).
Once more, Zorn’s Lemma implies that H contains a maximal element,
denoted by [M,f, g1, g2].
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Figure 2: A totally ordered set in H with the maximal element [M, f, g
1
, g
2
].
LetM be the quotient of the disjoint unionMmax1
⊔
Mmax2 by the relation
which identifies g1(x) with g2(x) for every x ∈ M . The projections pii :
Mmaxi → M are conformal embeddings, and every point of M has a
neighborhood homeomorphic to Rn. To prove that M is a manifold, the
key point that we have to check is:
Lemma 3.11. M is Hausdorff.
Proof. Let (x, y) be a pair of points in Mmax1 ×M
max
2 such that every
neighborhood of pi1(x) intersects every neighborhood of pi2(y). The points
x and y are contained in respectively ∂g1(M) and ∂g2(M). Let
S+i := ∂
+gi(M) and S
−
i := ∂
−gi(M)
be respectively the past and future boundary in Mmaxi of the image of
M by the embedding gi, for i = 1, 2. According to Lemma 3.5, S
+
i and
S−i are closed, achronal, edgeless subsets of M
max
i , and S
+
i ∩ S
−
i = ∅, for
i = 1, 2 . Up to time reversal, we can assume, without loss of generality,
that x ∈ S+1 . Let Σ1 and Σ2 be the Cauchy hypersurfaces respectively of
Mmax1 and M
max
2 defined by:
Σ1 := g1 ◦ f(S0) and Σ2 := g2 ◦ f(S0).
Let U be a (connected) neighborhood of x in Mmax1 such that U ∩Σ1 = ∅
and U \S+1 is the disjoint union of the two connected open sets : U∩g1(M)
and U∩I+(S+1 ). Then U is contained in I
+(Σ1). The image U∩g1(M) by
the conformal, time-preserving diffeomorphism g2 ◦ g
−1
1 is then contained
in I+(Σ2). Thus y ∈ S
+
2 .
Since by hypothesis every neighborhood of pi1(x) intersects every neigh-
borhood of pi2(y), there exists a neighborhood U
′ of y in Mmax2 such that
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g2 ◦ g
−1
1 (U ∩ g1(M)) = U
′ ∩ g2(M).
Key fact: by Liouville’s Theorem 2.23 there exists a neighborhood V of y
and a conformal diffeomorphism f : U → V which is equal to g2 ◦ g
−1
1
over U ∩ g1(M).
First assume that the future Cauchy development of D+1 of the achronal
set S+1 ∩ U in U is not empty. Since the open sets U and V are confor-
mally equivalent (by the map f), they have the same causal structure.
In particular, the future Cauchy development D+2 of S
+
2 ∩ U2 in V is not
empty too. Let
F : g1(M) ∪D
+
1 −→ g2(M) ∪D
+
2
be the conformal diffeomorphism defined by:
F (z) :=
 g2 ◦ g
−1
1 (z) if z ∈ g1(M)
f(z) if z ∈ D+1
Thus, the two element of the set H given by[
g1(M) ∪D
+
1 , g1 ◦ f, id, F
]
and
[
g2(M) ∪D
+
2 , g2 ◦ f, F
−1, id
]
are strictly greater then [M,f, g1, g2]. This contradicts the maximality of
[M,f, g1, g2].
Therefore, the future Cauchy development of S+1 ∩ U in U is empty.
According to Lemma 2.9, there is a lightlike past geodesic c starting from
x which is contained in S+1 ∩ U at least in a neighborhood of x. Let
r1 : [0, a[→ M
max
1 be an inextensible lightlike past geodesic containing c.
The curve r1 intersects the Cauchy hypersurface Σ0 of M
max
1 , in a point
r1(T0). Since Σ0 is contained in g1(M) and S
+
1 is achronal and closed,
there exists a T ∈ [0, a[ such that
T := max{t ∈ [0, a[: r1(t) ∈ S
+
1 }
We have 0 < T < T0 < a and c(]T, T0]) is contained in g1(M).
Let {U1}i=0,...,m be a finite covering of the compact set r1([0, T ]) such
that Ui ∩ g1(M) and Ui ∩ I
+(S+1 ) are connected for all i = 1, . . . ,m.
We can suppose U0 = U . Again, by Liouville’s Theorem there exists a
finite sequence {V1}i=0,...,m of open sets and conformal diffeomorphisms
fi : Ui → Vi, for i = 0, . . . ,m such that f0 = f , V0 = V and fi is equal to
g2 ◦ g
−1
1 over Ui ∩ g1(M).
The isometries fi glue together to give a map F :
⋃n
i=0
Ui →
⋃n
i=0
Vi.
Then, for every t ∈ [0, T ], the points pi1(r1(t)) and pi2(F ◦ r1(t)) of M
have no disjointed neighborhoods.
Now we can again apply Lemma 2.9, to find a past lightlike geodesic γ
starting from r1(T ) and contained in S
+
1 for a little while. According to
Proposition 2.2, γ is contained inside r1, because S
+
1 is achronal. But if γ
is contained in r1 then r1(T +ε) ∈ S
+
1 for some ε > 0, and this contradicts
the definition of T . The Lemma is proven.
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Let Σ := pi1 ◦ g1 ◦ f(S). Observe that Σ is equal to pi2 ◦ g2 ◦ f(S).
Lemma 3.12. M is globally hyperbolic with Cauchy hypersurface Σ.
Proof. Let c : R → M be an inextensible causal curve. Suppose that c
does not intersect pi1 ◦ g1(M) = pi2 ◦ g2(M). Then, since R is connected, c
is contained in either pi1(M
max
1 )\pi1 ◦g1(M) or in pi2(M
max
2 )\pi1 ◦g1(M).
Switching the indices if necessary, we can suppose that c is contained in
pi1(M
max
1 ) \ pi1 ◦ g1(M). Then, there is a causal curve c
′ : R → Mmax1
such that c = pi1 ◦ c
′. Since c is inextensible, so is c′, but c′ must intersect
g1(M). This is a contradiction.
We have proved that every inextensible causal curve c intersects pi1 ◦
g1(M). Every connected component of its intersection with pi1 ◦ g1(M) ≃
M is an inextensible causal curve (into pi1 ◦ g1(M)) and thus intersects
pi1 ◦ g1 ◦ f1(S) = Σ. Moreover, since pi1 ◦ g1(M) is causally convex inside
Mmax1 , it is also causally convex insideM, implying that c∩pi1◦g1(M) has
only one connected component. We have proved that every inextensible
causal curve intersects Σ. The hypersurface Σ is achronal and edgeless in
M, so we have proved that Σ is a Cauchy hypersurface of M.
As consequence of the proof of Lemma 3.12, the maps pii are Cauchy-
embeddings. The space-time M is conformally flat because it is covered
by conformally flat open subsets given by the images of pii ◦ gi, i = 1, 2.
Since, by hypothesis, the space-times Mmax1 and M
max
2 are maximal, the
Cauchy-embeddings pi1 and pi2 are surjective, and M
max
1 and M
max
2 are
conformally equivalent. The proof of Theorem 1.7 is complete.
Remark 3.13. Until now we have restricted ourselves to the case of
conformally flat space-times. If we drop this restriction and define F as
the set of triples (N,ψ, f), where ψ and f are exactly as before, but where
N is only globally hyperbolic and not necessarily conformally flat, most
of the arguments in the proof above still apply. Given a totally ordered
set {(Mi, Si)}i∈I we can still define a topological space M , candidate to
be a maximal conformal extension of M .
But if one wants to prove that M is a manifold, serious troubles arise.
The proof of Proposition 3.7 strongly uses the conformally flat structure
of the manifolds Mi. The most delicate point is to prove that M has a
second-countable basis as a topological space.
Even if one were able to prove the existence of the conformal maximal ex-
tension, we have no way to prove uniqueness. In the conformally flat case,
uniqueness follows from Liouville’s theorem for conformally flat manifolds
of dimension ≥ 3.
However, we still don’t know any examples admitting different maximal
conformal extensions. Actually, all known examples of conformally flat
maximal space-times are also conformal maximal. So it seems interesting
to investigate if, despite these difficulties, there is a well-defined notion
of maximal conformal extension, in the category of conformal globally
hyperbolic space-times.
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4 Complete C0-maximal space-times
We can easily prove that E˜in1,n is C0-maximal. The proof goes as follows.
Let f : E˜in1,n → N be a Cauchy embedding of E˜in1,n. According to
Proposition 2.12, N is simply connected. But, since N is conformally
flat, there exists a developing map D : N → E˜in1,n. The composition
D ◦ f : E˜in1,n → E˜in1,n preserves the conformal structure of E˜in1,n, and
by Liouville’s Theorem D ◦ f is an element of O˜0(2, n + 1). Hence, f is
surjective, and E˜in1,n is C0-maximal. The following lemma is well known
in the literature. (See for example [18] Lemma 1 p. 7 for an idea of the
proof.)
Lemma 4.1. Let f : (S, g) → (S′, g′) be a local diffeomorphism be-
tween two Riemannian manifolds. Suppose that (S, g) is complete and
that g(·, ·) ≤ f∗g′(·, ·). Then f is a covering map.
Lemma 4.2. LetM be a causal, conformally flat, simply connected space-
time. Then the developing map D : M → E˜in1,n restricted to any causal
curve of M is injective.
Proof. Let T : E˜in→ R be any time function on E˜in. The restriction of
T ◦D to any future causal curve of M is increasing, hence injective. The
lemma is proved.
Now we can prove Theorem 1.8, which can be restated as follows:
Theorem 4.3. For n ≥ 2, E˜in1,n is the only conformally flat, simply
connected, Cauchy-compact space-time which is C0-maximal.
Proof. Let M be a conformally flat simply connected C0-maximal space-
time and let Σ ⊂ M be a compact, spacelike Cauchy hypersurface of M .
According to Corollary 2.12 M is diffeomorphic to the product Σ×R, and
Σ is simply connected.
Let D : M → Ein1,n be the developing map of the conformally flat
structure on M . Consider the decomposition Ein1,n ≃ (S
n × R, [dσ2 −
dt2]), described in Section 2.2. The pull-back of the metric dσ2 − dt2 by
D is a Lorentzian metric over M which defines a Riemannian metric g0
on Σ. The metric g0 is complete because Σ is compact.
Let pi : Ein1,n ≃ S
n × R → Sn be the projection on the first factor.
This is a bundle whose fibers are the orbits of the timelike vector field ∂t.
The main observation is that pi∗dσ = dσ ≥ dσ − dt2 which implies that
dpi expands the lengths. Since D|Σ is a local isometry, d(pi ◦ D|Σ) also
expands the lengths. Explicitly, for all X in TxΣ ⊂ TxM we have :
g0(X,X) = g(dxDX, dxDX) = dσ(Y, Y )− |a|
2 ≤ dσ(Y, Y )
where Y is the component of X which is orthogonal to the orbit of ∂t and
a the tangent one.
According to Lemma 4.1, the map pi ◦ D|Σ : Σ → S
n is a covering map.
Since Sn is simply connected, pi ◦ D|Σ is a diffeomorphism. Therefore
the embedded hypersurface D(Σ) intersects each orbit of ∂t at exactly
one point. The pull-back on M by D of the vector field ∂t of Ein1,n is
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a timelike vector field T . By Lemma 4.2, the map D is injective along
the orbits of T . Since Σ is a Cauchy hypersurface of M , every orbit of
T intersects Σ at exactly one point. Let p, q ∈ M , p 6= q, such that
D(p) = D(q) and let cp, cq be the two orbits of T , respectively through
p and q. These orbits intersect Σ at two points p and q, obviously we
have p 6= q. Since D is a local diffeomorphism, D(cp) = D(cq) and it
is contained in the orbit of ∂t through the point D(p) = D(q), which
intersects D(Σ) at a unique point x. Thus x = D(p) = D(q). This is
absurd because D is injective on Σ. Therefore, D is injective.
Moreover, since the restriction of D to Σ is injective, the image D(Σ)
is a spacelike, compact, edgeless, embedded hypersurface in E˜in1,n. By
Proposition 2.13, D(Σ) is a Cauchy hypersurface of Ein1,n and D is a
Cauchy embedding. Since M is C0-maximal, Theorem 1.7 implies that D
is also surjective: M and Ein1,n are conformally equivalent.
Let M be a conformally flat space-time of dimension n + 1 ≥ 3. Let
D : M˜ → E˜in1,n be the developing map and ρ : pi1(M) → O0(2, n +
1) the holonomy morphism. Lemma 4.2 is related to the problem of
finding injectivity domains for D. Let x ∈ E˜in1,n. By Remark 2.21, all
the lightlike geodesics starting from x intersect each other only at the
conjugate points σk(x) for every k ∈ Z. Let α, β : R → M˜ , α(0) =
β(0) = p be two distinct past inextensible lightlike geodesics, such that
their images D◦α and D◦β have an intersection point z other then D(p).
Then, if the restriction of D to α∪β is injective, α and β necessarily have
an intersection point q ∈ D−1(z). Conversely, if D(α) ∩D(β) = ∅, then
the restriction of D to α ∪ β is injective.
Theorem 4.4. Let M be a globallly hyperbolic conformally flat, C0-
maximal space-time of dimension n + 1 ≥ 3, and let D : M˜ → E˜in1,n
be the developing map. Suppose that there is a lightlike geodesic α in M˜
whose image by D contains two conjugate points in E˜in1,n. Then D is a
diffeomorphism.
Proof. By hypothesis D ◦ α contains two conjugate points x and y of
E˜in1,n. We can assume, without loss of generality, that x = σ(y). Since
the restriction of D to α is injective, there are exactly two points p and q
of α such that D(p) = x et D(q) = y.
Step 1): Every lightlike past inextensible geodesic starting from p meets q.
Let
N−(p) := {v ∈ TpM˜/ v past lightlike }
On N−(p) we define the equivalence relation identifying v ∼ w if and only
if there exists λ ∈ R+ such that v = λw. Consider the quotient set
S−(p) := N−(p)/ ∼
This is the set of lightlike past rays starting from p. Endowed with
the quotient topology, it is homeomorphic to the (n − 1)-sphere. Let
p1 : N
−(p)→ S−(p) be the projection map.
Let E the set of l in S−(p) such that the past inextensible lightlike geodesic
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γl starting from p and tangent to l, contains q. By hypothesis, E is not
empty, because it contains the direction tangent to α. We are going to
show that E is open and closed in S−(p).
The set E is open.
Let l0 be an element of E . By definition, γl0 contains q. Let V be an open
neighborhood of y and let W be the connected component of D−1(V )
containing q. We can choose V such that D|W is injective.
Since D is continuous and since γl0 is past inextensible, D ◦ γl0 intersects
J−(y) \ y. Let z be a point of D ◦ γl0 which is in (J
−(y) \ y) ∩ V and let
q0 be the unique point of γl0 such that D(q0) = z.
Since J+(y) is closed in V , we can find an open connected neighborhood
V ′ of z such that V ′ ⊂ V and V ′ ∩ J+(y) = ∅. The connected component
W ′ of D−1(V ′) contained in W is an open neighborhood of q0.
Pick a Lorentzian metric g in the conformal class of M˜ and let expp :
TpM˜ → M˜ be its exponential map at the point p. The set W :=
exp−1p (W
′) is an open subset of TpM . The subset of S
−(p) defined by
U := p1(W ∩N
−(p)) = {l ∈ S−(p)/ γl ∩W
′ 6= ∅}
is then open and contains l0.
Let l be in U . The curve γl intersects W
′, therefore D ◦ γl intersects V
′.
It follows that D ◦ γl is a past lightlike geodesic starting at x which inter-
sects J−(y). By Remark 2.21, the curve D ◦ γl contains y. Since D|W is
injective, γl contains q. This shows that U is an open neighborhood of l0
contained in E (see Figure ??).
The set E is closed.
Let {ln}n∈N be a sequence in E converging to an element l ∈ S
−(p). Ac-
cording to Lemma 2.4, the sequence {γln}n∈N has a limit curve which is a
past causal curve c between p and q. The fact that x is not temporally re-
lated to y implies that q is not temporally related to p (because the image
of timelike curves by D are timelike curves). Proposition 2.2 implies that
c is a lightlike geodesic. Since ln → l ∈ S
−(p), the geodesic c coincides
with the geodesic γl.
Since E is open and closed in the (connected) topological sphere S−(p),
it is the entire S−(p). This prove Step 1.
Observe that the similar following statement is true: every future lightlike
geodesic starting from q contains p.
Step 2) ∂I−(p) is a compact Cauchy hypersurface in M˜ .
Let S be the union of all lightlike geodesic segments between p and q. By
construction, D(S) = ∂I−(x). Let us prove that the restriction of D to
S is injective. Let r, s be two points of S with D(r) = D(s). Since any
point of S is contained in a lightike geodesic starting from p and ending
in q, and since D restricted to any causal curve is injective, we have that
if r = p (or reps. r = q) then s = r = p (or reps. s = r = q). Then
we can suppose r, s ∈ S \ {p, q}. Let γl, γl′ be the geodesic segments
between p and q containing respectively r and s. Then D(γl) and D(γl′)
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are geodesic segments between x and y having the point D(r) = D(s) in
common. Moreover, since E˜in1,n is causal, this point is different to x and
y. Then the Remark 2.21 implies that the two geodesic D(γl) and D(γl′)
are the same. Since D is a local diffeomorphism, it follows that l = l′.
Since the restriction of D to the causal curve γl is injective, the equality
r = s follows.
The set S is achronal in M : if there was a timelike curve between two
points of S, then the image under D of this curve would be a timelike
curve between two points of the achronal subset D(S) = ∂I−(x).
Since S is achronal we have S ⊂ ∂I−(p). By Proposition 2.2 we have also
the inclusion ∂I−(p) ⊂ S. Then S = ∂I−(p). Since D(S) = ∂I−(x) is
compact, it follows that S is also compact. Moreover, according to Lemma
2.8, the boundary ∂I−(p) = S of the past subset I−(p) is edgeless.
We have proved that S is a compact, achronal, edgeless subset of M˜ : by
Proposition 2.13, S is a Cauchy hypersurface of M˜ .
Step 3) Since M˜ admits a compact Cauchy hypersurface, we obtain by
Theorem 4.3 that M˜ is conformally equivalent to E˜in.
We can now give the proof of Theorem 4.4, which we restate here for the
reader’s convenience:
Theorem 1.9. Let M be a conformally flat, globally hyperbolic, C0-
maximal space-time which has two freely homotopic lightlike geodesics,
which are distinct but with the same ends. Then M is a finite quotient of
E˜in1,n.
Proof. Since the two geodesic segments are freely homotopic, it is possible
to lift them in such a way that the two lifts are two lightlike geodesic
segments, α and β, with the same ends. The image of α by the developing
map (and also the image of β) intersects two conjugate points of E˜in1,n.
By Theorem 4.4, M˜ is homeomorphic to E˜in1,n. In particular the lift
S˜ of every Cauchy hypersurface S of M is homeomorphic to the sphere
Sn. The fundamental group of M has to preserve S˜ and it acts properly
and discontinuously on S˜. Since S˜ is compact, it follows that pi1(M) is
finite.
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